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A 4$576/8�92:;6 . An intuitionistic, hybrid modal logic suitablefor reasoningaboutdistribution of re-
sourceswas introducedin [10]. We extendthe Kripke semanticsof intuitionistic logic, enriching
eachpossibleKripkestatewith a setof places,andshow thatthis semanticsis bothsoundandcom-
pletefor the logic. In thesemantics,resourcesof a distributedsystemareinterpretedasatoms,and
placementof atomsin a possiblestatecorrespondsto thedistribution of theresources.Themodali-
tiesof thelogic allow usto validatepropertiesin a particular place, in someplaceandin all places.
We extendthe logic with disjunctive connectives,andrefineour semanticsto obtainsoundnessand
completenessfor extendedlogic. Theextendedlogic canbeseenasaninstanceof Hybrid IS5[2, 18].

1 Intr oduction

In currentcomputingparadigm,distributed resourcesspreadover and shared
amongstdi< erentnodesof a computersystemis very common. For example,
printersmaybesharedin localareanetworks,or distributeddatamaystoredoc-
umentsin partsat di< erentlocations.The traditionalreasoningmethodologies
arenot easilyscalableto thesesystemsasthey maylack implicitly trustableob-
jectssuchasacentralcontrol.

This hasresultedin the innovationof several reasoningtechniques.A pop-
ular approachin the literaturehasbeenthe useof algebraicsystemssuchas
processalgebra[13, 8, 5]. Thesealgebrashave rich theoriesin termsof seman-
tics [13], logics[7, 15,4, 3], or types[8]. Anotherapproachis logically-oriented
[9, 10, 19, 14]: intuitionistic modallogicsareusedasfoundationsof typesys-
temsby exploiting thepropositions-as-types,proofs-as-programsparadigm[6].
An instanceof thiswasintroducedin [9, 10] andthelogic introducedthereis the
focusof our study.

The formulaein this logic includenames,calledplaces. Assertionsin the
logic areassociatedwith places,andarevalidatedin places.In additionto con-
sideringwhethera formula is true,we arealsointerestedin where a formula is
true. The threemodalitiesof the logic allow us to infer whethera propertyis
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validatedin aspecificplaceof thesystem(@p), or in anunspecifiedplaceof the
system( = ), or in any part of the system(> ). The modality @p internalisesthe
modelin the logic andhencecanbe classifiedasa hybrid logic [1, 16, 2]. An
intuitionisticnaturaldeductionfor thelogic is givenin [9, 10],andjudgementsin
thelogic mentiontheplacesunderconsideration.Thenaturaldeductionrulesfor
= and > resemblethosefor existentialanduniversalquantificationof first-order
intuitionistic logic.

As notedin [9, 10], thelogic canalsobeusedto reasonaboutdistributionof
resourcesin additionto servingasthefoundationof a typesystem.Thepapers
[9, 10], however, lackamodelto matchtheusageof thelogic asa tool to reason
aboutdistributed resources.In this report,we bridge the gap by presentinga
Kripke-stylesemantics[12] for the logic of [9, 10]. In Kripke-stylesemantics,
formulaeareconsideredvalid if they remainvifit



completeness.? In therefinedsemantics,thesetof placesin Kripkestatesarenot
fixed.Di < erentpossibleKripkestatesmayhavedi@ erentsetof places.However,
thesetof placesvary in a conservative way: largerKripke statescontainlarger
setof places.

We show that the refinedsemanticsis both soundandcompletefor the ex-
tendedlogic. The proof of soundnessonceagain dependson duplicationof
places.Theproof of completenessfollows closelythestandardproofsof com-
pletenessof intuitionistic modallogics. The extendedlogic canbe seenashy-
bridizationof thewell-known intuitionistic modalsystemIS5[2, 18].

The restof the paperis organisedasfollows. In Section2, we presentthe
logic in [9, 10]. In Section3 we presentthe distributedKripke modelusedto
interpretthelogic, andprovesoundnessandcompletenessof thesemantics.We
presenttheextensionof logic with logical connectivesin Section4.Therefined
semanticsis givenin Section5,wherewealsoshow soundnessandcompleteness
of therefinedlogic. Wediscussrelatedwork in Section6, andwesummariseour
resultsin Section7.

2 Logic

Wenow introduce,throughexamples,thelogic presentedin [9, 10]. Thelogic is
usedto reasonaboutheterogeneousdistributedsystems.To gain someintuition,
consideradistributedpeerto peerdatabasewheretheinformationis partitioned
over multiplecommunicatingnodes(peers).

Informally, thedatabasehasa setof nodes,or places, anda setof resources



threemodalitiesto accommodatereasoningaboutthepropertiesvalid atdi< erent
locations.

In orderto internaliseresourcesat a singlelocation,the modality @p, one
for every placein thesystem,is used.Themodality@ caststhemeta-linguistic
“ at ” on the languagelevel, and in fact the two constructswill have the same
interpretationin thesemantics.Themodalformula D @p meansthattheproperty
D is valid at p, and not necessarilyan



Eachjudgementin this logic is of theform

O ; R P D at pB
where

the global context O is a (possiblyempty)finite setof pure formulae,and
representsthepropertiesassumedto hold atevery placeof thesystem;

the local context R is a (possiblyempty)finite setof sentences;sincea sen-
tenceis a pureformulaassociatedto a place,R representswhatwe assume
to bevalid in any particularplace.

thesentenceD at p saysthat D is derivedto bevalid in theplacep by assum-
ing O ; R .

In the judgement,it is assumedthat theplacesmentionedin O and R aredrawn
from thesetP. In orderto bemoreformal,we definethefunctionPL(X), which
denotesthesetof placesthatappearin X, for any syntacticobjectX. It is defined
asfollow
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*%������������� 1 (P� �������T�U�V�W*%�#�%�) � � ). Wedefineinductively theoperatorPL( ) on
any syntacticobjectof thelogic as:

PL(A)
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Fc�d(e$8�f 1. Naturaldeduction.

thattheformulais validatedthere.If any assertionthatdoesnotmentionthenew
placeis validatedthus,thenit is alsovalidatedusingtheold local context. The
rule > usingthe
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3 Kripk e Semantics

Therearea numberof semanticsfor intuitionistic logic andintuitionistic modal
logics that allow for a completenesstheorem[2, 11, 18]. In this sectionwe
concentrateon thesemanticsintroducedby Kripke [12, 20], asit is convenient
for applicationsand fairly simple. This would provide a formalisationof the
intuitive conceptsintroducedin Section2.

In Kripke semanticsfor intuitionistic propositionallogic, logical assertions
areinterpretedover Kripke models.Thevalidity of anassertiondependson its



it is valid in a given state,thenit remainsvalid at the sameplacesin all larger
states.For example,theformula D J is valid in a statek at placep, if both D
and J aretrueatplacep in all statesl k.

Theintroductionof placesin themodelallowstheinterpretationof thespatial
modalitiesof the logic. Formula D @p is satisfiedat a placein a statek, if it is
trueat p in all statesl k; =HD and >.D aresatisfiedat a placein statek, if D is
truerespectively at someor at everyplacein all statesl k.

We extendnow theinterpretationof atomsto interpretationof formulae,we
useinductionon thestructureof theformulae.
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they samepropertiesthatwe inferredin Section2 by usinga distributedKripke
model. Fix a Kripke statek. The assumptionthat the two parts,doc1 A doc2,
canbecombinedin p in a statek to give thedocumentdoc canbeexpressedas
(k A p) G (doc1 doc2) doc. If theresourcesdoc1 anddoc2 areassignedto the
placep, i.e., (k A p) G doc1 and(k A p) G doc2, then,since(k A p) G doc1 doc2,
it follows that(k A p) G doc.

Let usconsideraslightly morecomplex situation.Supposethatk Gl= ( doc2

(doc2 > doc2) ) at pE . Accordingto the semanticsof = , thereis someplace
r suchthat (k A r) G doc2 (doc2
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(k A q) G q(p) D 1. We conclude(kA t) G q(p) D 1 for every t Plsq(p), which implies
(k A r) G q(p) >.D 1. x

Anotherpropertyof distributedKripke modelsis the possibility to rename
theplacesin themodel.Thepropertysaysthatif werenameaplacein themodel,
thenwedonotmodify thesetof validpropertiesnotinvolving therenamedplace.
First we prove that the renamedmodelis still a distributedKripke model,then
we formalizethepropertyin Lemma3.
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two mostsignificantcasesandprove property1. The othercasescanbe dealt
with easily.

CaseD�Gt=HD 1. Let r P andsuppose(k A r) G q� p =HD 1. Then,by definition
thereexistss Plsq� p G P q suchthat(k A s) G q� pD 1. If s P, weuseinductive



T�#�	�#����� 1 (S�� F����������� ). If O ; R P L at p is derivable in the logic, then it is
valid.

Proof: The proof proceedsby induction on the numbern of inferencerules
appliedin thederivationof the judgementO



inductivehypothesissaysthat(k A q) G D @p, andtherefore(k A p) G D .
Case > I . Then L is of the form >.D . Moreover O ; R Pa q D at p1 for some

p1 z P by usingn 1 instancesof theinferencerules. By inductive hypothesis
we know that O ; R G Pa p1 D at q. Pleasenotethat since O ; R P L atp, we also
havePL(O ; R ) PL(D ) P. Let Pls beP Y p1.

First, considerthecasewhenp1 z Pls. We needto show thatk G >.D at p.
Accordingto semanticsof > , it suC cesto show thatk G D at r , for all r Pls.
Fix oner Pls, andconsiderthe r-duplicatedextension



sentences� by sayingthat O ; � P D at q, if andonly if, thereexists a finite set
R � suchthat O ; R P D at q.

As in standardproofsof completenessof intuitionistic logics[20, 18,2], the
proof of completenessis basedon the constructionof a particulardistributed
Kripke model: thecanonicalmodel. We will prove thata sequentis valid in the
canonicalmodelif andonly if it is derivablein thelogic. In theconstructionof
thecanonicalmodel,weconsiderparticularkindsof setsof formulae.
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formulaein Frm(Pls), a(possiblynon-finite)set� of sentenceswith PL(� )
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2. Given D Frm(Pn )and





2. for all D Frm(Pls), � M andq Pls: (�TA q) G D if andonly if O ; � Pls

D at q.

Proof: Clearly the inclusionPr



casethatfor every k





fined� distributedKripke modelwith setof places,Pls. Givenk K, p Pk, a
pureformula D with PL(D ) Pls, wedefine(k



Moreover we saythat O ; R P L at p is ref-valid (andwe write O ; R G L at p) if
it is valid in every refineddistributedKripkemodel.

5.1 Soundness

In this sectionwe shall prove the soundnessof the extendedlogic in refined
distributedKripke models.Theproof of soundnesswill follow theproof of the
soundnessin section3.2. We startby definingthe p-duplicatedextensionof a
refineddistributedKripkemodel.
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treatmenty of logical connectivesis standard.Themodalities@ and = areteated
as in Theorem1. If the last inferencerule usedis > E, thenthe result follows
from asimplethe



Property).

As in [18, 2] we first show thatevery setof sentencescanbeextendedto a
primeset,thatrespectsthenon-prov



J 1 J 2 at q z treated
�
n .

Pleasenotethatif both O ; � n AKJ 1 at q Pn D at p andO ; � n AKJ 2 at q Pn D at p,
thenwe candeduceO ; � n

Pn D at p. However, we have that � n A Pn satisfy
Property2. Hence,it mustbethecasethateither O ; � n AKJ 1 at q Pn D at p, or
O ; � n AKJ 2 at q Pn D at p.

We define � na 1 Gp� n J 1 at q if O ; � n AKJ 1 at q Pn D at p, and � na 1 G
� n J 2 at q otherwise.We definePna 1 G Pn. We getby constructionthat
Pna 1 AQ� na 1 satisfyProperty2. Finally, we let treated

�
na 1 G treated

�
n J 1

J 2 at q andtreated
`
na 1 G treated

`
n.

2. If n Y 1 is even,pick thefirst formula =FJ in theenumerationsuchthat

=FJ is in Frm(Pn), i.e.,all theplacesin =FJ aretakenfrom Pn;

O ; � n
Pn =HJ at q, for someq Pn;

=FJ�z treated
`
n.
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Now, wedefinetherefinedcanonicalmodel.In therefinedcanonicalmodel,
Kripkestatesareprimesetsof sentences.
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canonical� model, �{E is (OPA Q)-prime set. Therefore,we obtain D 1 at q �{E for
every q Q. Henceby inductive hypothesis,(� E A Q) G D 1 at q for every q Q.
SinceP Q, we get(� E A Q) G >.D 1 at p. x

We arenow readyto provecompleteness.
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Thework in [2] introducesthefirst intuitionistic versionof hybrid logics. It
investigateshow to addnamesin constructivelogicsresultingin hybrid versions.
A modal logic is hybridisedby addinga new kind of propositionalsymbols:
nominals. The
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